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QUANTITATIVE METHCDS FOR ANALYZING TRAVEL BEHAVICUR

OF INDIVIDUALS: SOME RECENT DEVELOPMENTS

bDaniel McFadden, University of California, Berkeley

ABSTRACT

This paper is concerned with quantitative methods for the analysis
of travel behaviour of individuals. Tt reviews some of the recent
developments in model specification, estimation, model evaluation
and testing, and aggregation and forecasting. ‘Topics in model
specification include the multinomial probit model and its camputa-
tion, and generalized extreme value models and their relation to
sequential models. Topics in estimation methods include the use

of choice-based samples, sample designs, and incomplete choice
sets. Model evaluation topics include prediction success tables
and diagnostic tests of specification. Aggregation and forecasting
topics include aggregation by the Clark method, synthesis of the
distribution of explanatory variables, and the calculus of demand
elasticities.

I INTRODUCTION

This paper is concerned with quantitative methods for the analysis
of travel behaviour of individuals. It reviews some recent develop—
ments in model specification, estimalion, model evaluation and
testing, and aggregation and forccasting. The reader is assumed to
be familiar with the general foundations of disaggregate choice
theory,* the historical development and properties of the miltinomial
logit model,** and the use of bchavioural models in travel demand
analysis.t

Model specification is discussed in Section IT, and statistical
estimation methods in Section ITI. Section IV discusses methods
for hypothesis testing and model cvaluation. Section V concludes
the paper with a discussion of aggregation and forecasting.

*See, for example, Mcladden (1976b, 1976d).
**McFadden (1973) .

Meyburg and Stopher (1975, 1976); Domencich and McFadden (1975).



II MODEL SPECIFICATION

1 Choice Models

The choice rmodels which have received serious consideration in travel
demand applications are multinomial logit (MNL), multinomial probit
{(MNP), and a sequential — or tree — version of multinomial logit.

2 The Multincmial Logit Model

A typical MNL model for joint choice of mode, destination, and auto
availability is

(1) Phda = e mda / z e nch ,
n,c,b
where m = mode;
d = destination;
a = auto availability;
and Vida = ®ga + Byda + Y2, = utility, with o« , 8 , vy paramcter

vectors and x variable vectors describing the decision-

mda ' Yda ' “a
maker and the alternative. Ietting Pm] da denote a conditional
choice probability and Pm denote a marginal choice probability, one

derives fram (1) the formulae:
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Then the choice probabilities can be written

(7 Pnda = Pmldapdlapa ’

_ mda da

{8) Pm|da"e /e ;
1. +By oI By I, +3y J
(9) 1._,d‘a___eda da/)eca caxeda da/ea;
C
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(10) P =e? 2,7eP P
a b

Discussion of the historical development of the MNL model can be
found in McFadden (1976b); the properties of the model, including its
derivation from the theory of individual utility maximization, are
given in McFadden (1973).

3  Sequential MNL Models

Next consider the sequential or nested MNL model. A typical sequential
rmodel differs from the joint MNL model solely in that the coefficients
of inclusive values arc not constrained to cqual one. Hence, the joint
MNL model is a linear restriction on any of the soquential models.
Specifically, a sequential model is defined by

(11) Prda ” Pm[c;iapd|aP;_1 ‘
X 0
_ mda - Unda
(12) l%ﬂda - € /e '
n
- axndd
(5") Lia = tog ) e ;
n
OT ., +{ly ‘ 0T _+Ry .
(13) Pd|a - e da da/ } o Ca ca .

C
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a b

When 6 = A = 1 , this model is identical to the joint MNL model.
More generally, when 6 # 1 , equations (13) and (14) differ in the
two models, and when A #¥ 1 , equation (15) differs in the two models.

The secuential model was introduced by Domencich and McFadden (1975),
and studied by Ben-Akiva (1973), and is discussed in greater detail
in part 7 of this section.

4 The Multinomial Probit Model

A typical model for the mode—destination-auto choice problem is
obtained by assuming that each alternative mda has a utility
= +

Uda = Vimda * Mwda T Tda T Va r POTE Apga v Tgg v A Vg,
summarize the influence of unobserved attributes and taste varia-
tions, and are assumed to be jointly normally distributed over the
population. If each individual maximizes utility, the proportion
of the population choosing mda 1is

+c0 te

lvnﬂa_vncb+EHda rvmda—VNDA mda

(16} P = see T ne;0,0de ,

£ ety o) { ' T O [: 00
mda nch MDA
where thce number of integrals equals the number of alternatives,
n(g;0,8) is the multivariate normal density with mean vector 0 and
covariance matrix £ , and tda Avda + N3a + vy with the joint normal

distribution of A , n, and v determuning Q .

The MNP model generalizes a classical model of Thurstone (1927) for
binary choice. Bock and Jones (1969) applied the model to the
three-alternative case. The nodel was suggested for transportation
analysis by Domencich and McFadden (1975), and first applied to
transportation data by Hausman and Wise (1976). FPurther discussion
is given in part 8 of this section.

5 Other Choice Models

Several other models deserve passing note. McFadden (1975a) has
proposed a universal, or "mothor,” MNI model which can approximate
an arbitrary choice model with a function of the form (1}, except
that Vm:]a functions will depend on the attributes of all



alternatives, and not solely on the attributes of mda . This model
is useful for testing particular specifications, but is in general
inconsistent with utility maximization.

McIynn (1973) has proposed the fully competitive model which is a
cne-parameter mapping of MNL choice probabilities into a second vector
of probhabilities. This model is in general inconsistent with
individual utility maximization, yet it shares with the MNL model
restrictive structural properties which render it implausible in

same applications.*

6 The Generalized Extreme Value Model

McFadden (1977) has recently proposed a family of generalized extreme
value (GEV) choice models which allow a general pattern of dependence
among alternatives and yield a closed form for the choice probabilities.
The following result characterizes the family:

THEOREM. Suppose G(yl, .. .,yJ) is a nonnegative, hamogeneous-of-degree-

one function of (yl,...,yJ) >0 . Suppose lim G(y],._,,yJ) = +» for

o
Yl

i=1,...,J3 . Supposc for any distinct (i]_""'ik) fram {1,...,J} ,

E)kG/ Byi ’- ..,Byi is nonnegative if k is odd and non-positive if k
1 k
is even. Then,

\Y% Y Y \% \Y

(17 p,=eig lel,....e ) /Glel,....eY)

defines a choice model which is consistent with utility maximization.

J
The special case G(yj,.--.¥j) = ¥ Y vields the MNL model., An
=1

example of a more general & function satisfying the hypotheses of
the theorem is

*

The model satisfies "sinple scalability" = "order independence," which
is closely related to the “independence from irrelevant alternatives"
property of the MNL model. See Mcladden (1975b).
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where B, < {1,...,3} , mgl Bm = {1,...,J7} , a >0,and 02 9, < 1.

The parameter O is an index of the similarity of the unobserved
attributes of alternatives in Bm . The choice prcobabilities for
this function satisfy

M
(19) P, = 1 PiB)P®B)
mel

where P(i[Bm) is the conditional probability that alternative i is
chosen, given the event Bm . with

qn “n if 1 B ;
(20) P(i|B) = e /I e thobe by i
0 if 1/ Bm :

and P(Bm) is the probability of the event Bm , With

M
(21) PB)=a {1 e /s Vad{l e D
n:

1 P |xeB
n

Functions of the form in (18) can also be nested to yield a wider
class satisfying the theorem hypotheses. For example, the function
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where B = {1,...,0} , satisfies the hypotheses provided 1 > o
> (Sq >0 for me Dq . The choice probabilities for (22) and analo-

gous functions can be written as sums of products of conditional and
marginal probabilities, in a manner generalizing (19), with each prob-
ability element having a multinomial logit form, and the dencminator
in each element equalling a representative term in the succeeding
element.

Choice probabilities of the form (19) were apparently first derived,
for the case of three alternatives and B, = {1} , B, = {2,3} by

Scott Cardell (1975). For the case of disjoint Bm , the form (19)

has been discovered, independently, by Daly and Zachary (1977),
Williams (1977), and Ben-2kiva and Lerman (1977). The demonstration
by Daly and Zachary that this choice model is consistent with random
utility maximization is particularly noteworthy in that it permits
generalization of the GEV model and provides a powerful tool for
testing the consistency of choice models: Suppose alternative 1 has
a utility Ui = w, + y(zi) toes where Vi =W + y(zi) is the

systematic camponent of utility and (el,... ,EJ) is a jointly

distributed randam vector, with a distribution function not depending
on (wl,.. .,wJ) , but in general dcpending on (zl,. .. ,zJ) . Suppose

the choice probabilities satisfy

(23) P, = Pi(Vl,...,VJ;zl,...,zJ)

i Prob[Vi+€.>Vj+€jfor37-‘l]

1 ==

1]

Prob [Vi - Vj

v

vj-viforj#i],

where Vi F ;T By Define the expected value of the maximum of

the utilities Uj ;

(24) U(Vl,...,VJ;zl,...,zJ) =§ Maxj Uj



Then, the choice probabilities satisfy*

. = -9 3 .
(25) P.l(V ,...,VJ,zl,...,zJ) = BVi U(Vl,...,VJ,zl,...,zJ) .

and the joint distribution of the differences of the random camponents
of utility, (\)2, ves ,\JJ) , satisfies

{26) F(\Jz,...,\)J) = Pl(O,—\)Z,...,—vJ)

Conversely, any choice probability functions Pi (Vl, .- ,VJ,-zl, - ,zJ)

which satisfy the necessary and sufficient conditions for (Pl"' . ,PJ)
to be the gradient of a potential**  (U) and for Pl(O,—uz,...,~vJ)

to be a distribution function,r satisfy {23), and are consistent with
stochastic utility maximization. The key assumption, and only signi-
ficant restriction, underlying this result is that the randam utilities
Ui have linear camponents Wy with the property that the Hjoint

distribution of the stochastic components does not depend on
(wl, cer ,wJ) T

*This condition has been used by Domencich and McFadden (1975) and
Harris and Tanner (1975) to establish a classical identity between
social welfare, defined by the expected value (or average over the
population) of the maximum utility for each individual, and consumer
surplus, defined by the area under the market demand curves, or
choice probabilities. The identity can be verified directly by
writing out the definition of expected maximum utility and
differentiating., The basic assumption required for the social wel--
fare identity is a linear "transferable” numéraire commodity. A
consequence of thie additively scparable structure of errors specified
in {(23) is that the choice probabilities are invariant with respect
to location; i.e.,

Pi(\ll + a,...,VJ + aiZyse-

**Suppose Py (Vl, AN ,VT) is continuous and continuously differenti-

LY

.,zJ) = Pi(V ,...,VJ;zl,...,zJ)

able. ‘''hen, a necessary and sufficient condition for (Pl" .. ,PJ)
to be the gradient of a potential (0) is that aPi/SV}. = an/aVi .

(continued on page )



B v, V3
The GEV model satisfies (25) with U= log Gle ~,...,e ") .

7 Relation of Sequential MNL and GEV Models

The choice probabilities corresponding to (22) can be specialized to
the sequential MNL model described in (11} -— (15), as we shall now
show. This result establishes that sequential MNL models are consis-
tent with individual utility maximization for appropriate parameter
values, and that the coefficients of inclusive values can be used to
obtain estimates of the similarity parameters o and & . It is hence
possible to estimate some GEV models using sequential MNL models and
inclusive values. Further, the GEV class provides a generalization
containing alternative sequential MNL models, and could be estimated
directly to test the presence of a sequential or tree structure.

To obtain the sequential model (11) -— (15) from (22), index alterna-
tives by mda for mode m , destination d , and auto availability
a , and specialize (22) to the form

(continued from page )

If P, is invariant with respect to location, then U is homogeneous

with respect to location; i.e., U(V] +a,...,V +a) = ﬁ(vl,...,vJ) +a.
Tsee Cramer (1946, Sect. 8.4). The key condition for F(\)z,...,vJ) to

be a distribution is that the (J - 1)st difference, AV 'F , be
nonnegative. If F is continuous and almost everywhere J-1 times dif-
ferentiable, this condition reduces to the requirement that the

density aJ_lF/B\)T +.9v; be nonnegative.

Tstrictly, the condition is that the joint distribution of differences
of the random camponents of utility, F(“zf“""J) , not depend on
(wl, I ,wJ)
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_ . . nda
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c
This is precisely the sequential model (11) — (15), with 8 = (1-0)/(1-8)
and A =1-§& . Hence, we have cstablished that a sufficient condition

for a nested logit model to be consistent with individual utility maximi-
zation is that the cocfficient of ecach inclusive value lie between zero
and one, 0 <0, % <1 .* Application of the Daly-Zachary test shows
that this comklition is also necessary for consistency with random

utility maximization if the damain of (V2 = VireeaVy - Vl)

*The preceding demonstraticn for three-level trees is readily generalized
to trees of any depth. The simplest proof is by induction.

10
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is unrestricted. When the necessary and sufficient condition

0 <8, A<1 is satisfied, 1 -6 is an index of the similarity
of alternative meodes, while 1 - X is an index of the similarity
of alternative destinations.

8 Camputation of the MNP Model

The multinomial probit model, introduced in part 4 of this section,

is an appealing conceptual model. It allows consideration of stochastic
camponents for tastes and unobserved attributes within an alternative,
and provides a way of specifying the structure of dependence between
alternatives. However, MNP choice probabilities can be expressed
exactly only as multivariate or iterated integrals of dimension J - 1,
where J is the muber of alternatives. Exact calculation by
numerical integration is very fast for J =2 or 3 , moderately
costly for J = 4 , and impractical on a large scale for J>5.

One of the more effective direct numerical integration methods, adapted
for transportation applications, is due to Hausman and Wise (1976).

Two recent contributions have provided techniques for approximating
MNP choice probabilities at moderate cost. This has made MNP a
practical alternative for many transportation applications. The first
method, due to Manski (1976}, applics a Monte Carlo procedure directly
+0 the utilities of alternatives. Suppose J + 1 alternatives, with
utilities Ui = Vi + €, where (61""’€J+1) is multivariate normal
with zero means and covariance matrix & = (cij) . For given values

of Vi , vectors (el,...,s ) from the multivariate distribution can

J+1
be drawn, and the frecquency with which utility is maximized at
alternative i recorded. These frequencies approximate the exact MNP
probabilities when the number of Monte Carlo repetitions is large.
Because this method involves repetitive simple calculations, it can

be programmed in cowputer assembly 1anguage to operate guite
efficiently. The approach is appealing in its generality -— any joint
distribution of the unobserved effects can be assumed. In practice,
the method is most effective when a relatively good initial approxima-
tion to the frecuencies is available,

The sccond approximation method, due to Daganzo, Bouthelier, and

sheffi (1976), uses a procedurc suggestod by Clark (1961) to approximate
the maximum of bivariate normal variables by a normal variable.

when the correlation of the variables is nomnegative, this approxima-
tion is accurate within a few percent. Suppose J + 1 alternatives,
with utilities Ui = Vi + e and (Cl,...,EJ+l) distributed multi-

variate normal, zero means and covariance matrix I . The probability
that the first alternative is chosen is then



(29) Pl = Prob [Vl + €4 p Vj + t;j for j=2,...,0 +1}
=Prob V) = Vyg v et S Yy T Vg ey T gy
for j=2,...,0J and Vl—VJ+l+el—sJ+l>O]

Define Vj = Vj - VJ+l and Y; = €4 7 €34 - Then, (Yl""'YJ) is

multivariate normal with mean zero and covariance matrix @ = (w,.) ,

1]
where w,. =0.. + @
1 i

3 5% 941,041 7 94,041 T O5,041 - Hence

(30) I, = Prob [Vl+y:L > 0 and Vl+yl>vj+yj for 3 =2,...,73]

= ny (Yl)N(l) (tvy - vyt yy) |yl)dy1

Y171

where nY(X) (y|x) denotes the normal density for the vector of

variables indexed by Y , conditioned on the vector of variables
indexed by X ; N ) (y|x) denotes the corresponding cumulative

Y
distribution function, % (x) (ylx) =J Ny (x) (y'|x)dy’ ; and n, ()

-l

is the marginal density of the variables indexed by Y .* The form (30),
involving J integrals, is the hasis for exact calculations of Pl .

Alternately, write

(31 Py = Prob vy +y, >0 and vy + Yy ” ?i; J(vj + yj)l

The Clark method considers trivariate normal random variables (Xl,X,),X3)

*As a shorthand, the set of all indices, or the set of all indices
ereluding those on which a distribution is conditioned, are amitted.
Thus, N means N

(1) 2,..0.,d()

’



and approximates the bivariate distribution of (Xl,max (XZ'XB)) by

a bivariate normal distribution with the same first and second moments.
The approximation rests on the fact that these moments for (Xl,max (X2’X3))

can be calculated exactly in a straightforward manner. Applied re-
cursively to the expression

(32) Yo = max (vy + y,max (v3 R AVERRIR L (VJ__l * Yyt yJ) .

the method allows the distribution of (yl,yo) to be approximated by
a bivariate normal distribution nfyl)no(l)(yolyl) , so that (30) is
approximated by the univariate integral

(33) P, = [ ny y))% ) 4 + vplypddyy
Y15V

Y
0
where NO(l)(YO|Yl) = J no(l)(yolyl)dy0 . Thus, an MNP choice

-—rX)

probability for J + 1 alternatives is approximated by a univariate
integral involving a univariate normal density and univariate normal
cumalative distribution function (which can be accurately approximated
computationally by a series expansion). The approximation requires

J - 2 applications of the Clark formula.

Manski (1976) has reported good results in maximum likelihood search
methods using the approximation above, with search directions deter-
mined by numerical evaluation of derivatives. This suggests that

the bias caused by the approximation is relatively stationary for
evaluation of probabilities at neighboring points. This fortuitous
conclusion suggests that it is probably unnecessary to obtain analytic
derivatives of Pl with respect to parameters in statistical routines.

On the other hand, it is possible that the use of analytic derivatives
could decrease computation time. The following argument shows that
the Clark procedure can be applied to yield quick approximations to
analytic derivatives.

Fres (30),

13
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apl avl
(34) 35 = VN (v |-v) o
J B(Vl—v.)
+ j£2 — Py YUty N ) (vl vy vty Dy
171

The term N (1) ((-v.)|-v;) can be approximated by applying the Clark

J 1
procedure to the conditicnal distribution. The integrals in the
last right-hand term of (34) each have the essential structure of (30),
since nlj (yl,vl - Vj + yl) is proportional to a normal density for

yy whose mean and variance are computed by a straightforward completion
o% the square. Then, each integral in this term can be approximated by
the corresponding analogue of (33). We conclude that the analytic

derivative aPl/ 30 can be computed by the evaluation of J univariate

integrals, each with the generic form of (33), and each involving J - 3
applications of the Clark procedure. For most problems, where the number
of parameters exceeds J , this computation should be considerably faster
than numerical computation of the derivatives.

The probability P, also depends paramctrically on the covariance matrix
0 . The requiremeit that {I be positive definite can be imposed by

1 T’ , where T = (Ti.) is a lower triangular matrix
~1/2 _

writing
12 Ty ooe Ty -

Alternately, @ may be represented as an unknown nonnegative linear
canbination, with full rank, of known positive semi-definite matrices.

Analogues for the parameters of Q“l of the analytic derivatives above
are computationally complex, and their use appears unlikely to improve
significantly on numerical differentiation.

with positive diagonal elements. Then, |5

The key to the accuracy of the Daganzo-Bouthelier-Sheffi approximation
is the accuracy of the Clark procedure. Because the true distribution
of the maximum of two normal variates is skewod to the right, one

would expect the procedure to tend to underestimate small probabilities.
The approximation will be best when the variates are positively
correlated, with widely differing means, and worse when they are
negatively correlated with similar means. It may be possible to

adjust the Clark formulae empirically to improve their accuracy for
camputation of small probabilities. Alternately, it would be interesting
to explore the possibility of adapting the Clark methodology to other
trivariate digstributions. In particular, if the generalized extreme
value distribution were utilized, then the only point of approximation
would be the initial fit to the maltivariate normal density, since
maxima of GEV distributed variates arc again GEV distributed. This



would limit approximation error as J ipncreases, in contrast to
the Clark procedure which becames less accurate with large numbers of
alternatives.

ITI STATISTICAL ESTIMATION METHODS AND SAMPLING STRATEGIES

1 Maximum Likelihood Estimation

The statistical estimation of disaggregate choice models by the maximm
likelihood method is now well-established. For random samples of
individuals, this procedure can be shown in general to produce estimates
with good statistical properties, at least in large samples. The prob-
lems remaining in application of maximum likelihood estimation in this
context are primarily computational — the issues of rapid computation
of choice probabilities, the concavity or unimodality of the log
likelihood function, and the relative convergence speed of alternative
algorithms.

Estimation of sequential models, with inclusive values obtained using
estimates from earlier stages of the model, has been carried out by
many investigators (e.g., Domencich and McFadden (1975), ien-Akiva
(1973)) treating eaCh stage as an independent estimation problem. This
procedure neglects the fact that the use of inclusive value measures
which are themselves statistics change the asymptotic distribution

of the estimators, and leads to biased estimates of the standard
errors of the estimators. This problem has been pointed out by Amemiya
{1976}, who provides the corrected asymptotic estimators for the
standard errors of the estimates.

2 Estimation in Choice-Based Samples

Several recent papers have considered the problem of statistical
estimation of choice models using data collected by sampling procedures
other than random sampling. Of particular interest are choice-based
samples, utilizing data collected from "on-board" or "destination™
surveys. Such data sources arc often available to transportation
analysts from marketing and operations departments of operating
agencies, or can be comuissioned at low cost relative to random house-
hold surveys. Ierman and Manski (1976) have shown that treating
choice-based samples as if they were random and calculating estimators
appropriate to random samples will generally yield inconsistent
estimates.* ‘They introduce a weighted likelihood function whose
maximization is shown to yield consistent estimates.

Manski and McFadden (1977) have considered more generally the problem
of estimation of discrete choice models under alternative sample
designs. The discrete choice problem can be defined by a finite set

*In an MNL model with alternative-specific dummy variables, the
inconsistency is confined to the dummy variable coefficients.
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C of mitually exclusive alternative responses, a space of attri-
butes 7 , assumed to be a subset of a finite-dimensional vector
space, a generalized probability density, p{z) [z ¢ Z] , g ving
the distribution of attributes in the population, and a response
probability, or choice probability, P(i|z,8%*) , specifying the
conditional probability of selection of alternative 1 ¢ C , given
attributes z € Z . Prior knowledge of causal structure is assumed
to allow the analyst to specify the response model P(ilz,*) up to
a parameter vector 6* contained in a subset 0 of a finite-
dimensional vector space. The analyst's problem is to estimate
6* fram a suitable sample of subjects and their associated responses.

The probability density of (i,z) pairs in the population is given
by

(35) f(i,z) = P{i|z,0%)p(z) . [(i,2) ¢ C x Z]

The analyst can draw observations of (i,z) pairs from C x Z according
to one of various sampling rules. The problem of interest is first,
given any sampling rule, to determine how 8* may be estimated, and
second, to assess the relative advantages of alternative sampling

rules and estimation methads.

The data layout can be visualized using a contingency table, as
illustrated in Figure 1. An observation (i,z) occurs in the popula-
tion with frequency f£(i,z) . The row sums give the marginal
distributions of attributes p(z) , while the column sums give the
population shares of responses Q(i) . The joint frequency £(i,2)

can be written either in terms of the conditional probability of 1
given z , or choice probability, or in terms of the conditicnal
probability of z given 1, as the formulae in the figure illustrate.

The feature of the quantal response problem which distinguishes it
from the general analysis of discrete data is the postulate that the
response probability P(i|z,0*) belong to a known parametric family,
and reflects an underlying link from 2z to 1 which will continue
to hold even if the distribution p(z) of the explanatory variables
changes.* Alternately, given a population C x Z with probability
distribution specified by f(i,z) , one might, in the absence of any

*his postulate is fundamental to the concept of "scientific explana-
tion." If the responsc probability function is invariant over
populations with different distributions of attributes, then it
defines a "law" which transcends the character of specific sets of
data. Otherwise, the model provides only a device for summarizing
data, and fails to provide a kecy ingredient of "explanation' —
predictive power.



FIGURE 1. Contingency Table Layout of Observations
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knowledge of the process relating i's to 2z's , obtain a randam
sample fram C x 2 and directly examinc the joint distribution
f(i,z) . This exploratory data analysis approach is exemplified by
the literature on associations in contingency tables, where it is
assumed only that Z is finite, See, for example, Goodman and
Kruskal (1954), Haberman (1974), and Bishop, Fienberqg, and Holland
(1975) .

If one believes that the elements of C index conceptually distinct
populations of z wvalues, then the natural analytical approach is to
decampose f(i,z) into the product £(i,z) = g{z{i)Q(i) , where
g(z|i) gives the distribution of 2z within the population indexed
by i and Q(i) is the proportion of the population with this index.
This is the approach taken in discriminant analysis. There, prior
knowledge allows the analyst to specify q(z|i) up to a parametric
family, and a sample suitable for estimating the unknown parameters
is obtained fram the subpopulation i . See, for example, Anderson
(1958) and Kendall and Stuart (1976).

whenh a well-defined process generates a value from C given any

z ¢ % , then the decamposition f£(i,z) = P(i|z,0*)p(z) is appro-
priate. This decamosition, and the attending focus on the struc-
tural relation embodied in P(i|z,8*) , is clearly the natural one
for the analysis of choice data. A separate and interesting ques-
tion is whether specific parametric models permit estimation of the
parameter vector 6* of P(i|z,6%) from convenient parameteriza-
tions of f£(i,z) or q(z|i)

Manski and McFadden attempt to provide a general theory of estima-
tion for quantal response models. The scope of the investigation

is as follows: Consider the problem of estimating 6* from stra-
tified samples of (i,z) observations, A stratified sampling process
is one in which the analyst establishes an index set B , partitions
C x 2 into mutually exclusive and exhaustive measurable subsets

(C % Z)b , b e B, and specifies a suitable probability distribution

over B . To obtain an (i,z) obscrvation, he draws a subset of
C x 2 according to the specified distribution and then samples at
random from within the drawn subsct.

Within the class of all stratification rules, two symetric types

of stratification are of particular statistical and empirical interest.

In "exogenous" sampling, the analyst partitions 2 into subsets
Zb , beB, and lets (C x Z)b = C x Zb . In "endogenous" or

"choice-based" sampling, he partitions C into subsets Cb , be B,
and lets (C x Z)b = Cb x 2 . less formally, in exogenous sampling

the analyst selects decision-makers and observes their choices
while in choice-based sampling the analyst selects alternatives and
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observes decision-makers choosing than. In Figure 1, exogenous
sampling corresponds to stratifying on rows, and then sampling
randamly from each row, while choice~based sampling corresponds
to stratifying on colums, and then sampling randomly from each
colum.

Manski and McFadden make a detailed statistical examination of
maximm likelihood estimation of C* in both exogenous and choice-
based samples. They find that application of maximm likelihood is
wholly classical in exogenous samples. In choice-based samples,
however, the form of the maximum likelihood estimate (MLE) depends
crucially on whether the analyst has available certain prior informa-
tion, namely, the marginal distributions p{z) , z ¢ 2 , or Q(i},
ieC, where Q(i) = [P(i|z,8%)p(z)dz .

2

The maximum likelihood estimator of 0 1in a choice-based sample
when p is known and @ is unknown satisfies

N N
(36) Max ) log P(i |z ,0) - } JP(inlz,B)p(z)dz
8¢0 n=1 n=1 7

When Q and p are both known, (36) is maximized subject to the
constraints

(37) Q) = [ P(i |z,0)plz)dz
7 n

When p  is unknown, the classical conditions for maximm likelihood
estimation are not met. However, several alternative non-classical
maximrm likelihood and pseudo-maximan likelihood methods are avail-
able which yield consistent estimators.

Wnen Q is known and p  is unknown, S. Cosslett (1977) has shown
that the non-classical full information maximm likelihcod estimator
satisfies

3
N 3
(38) Max Min ) log {P(i |z ,0)[ } Lo(j)} /1S apGle, e

Ne@ A»G n=1 non jeC ] tjgc J n )Jl

A occond estimator, introduced by Terman and Manski (1976) and
tonmexl WRSML, satisfies
N

(39) Max ) wii ) log P(in|zn,ﬂ) ,

0 n=1
where wii) = Q(1)/01(1) and (i) 1is the sanpling frequency for
alternative 1, Two other consistent estimators, introduced by
Mancki and McFadden, satisfy



N N .
(40) Max { ) log P(ilz ,8) - ) log [ SOL T e |z e

Be® In=1 =1 JjeC 3 meN(3)

where N(j) 1is the set of observations where alternative j 1is
chosen and Nj is the number of elements in N{(j) ; and

N H{i ) :
1 i . ~ H3)
(41) 1;33 n£1 og {P(i_{z ,0) o) / jZC P(312,,0) 55

If both p and Q are unknown in a choice-based sample, then
provided an identification condition is satisfied,* Manski and McFadden
show that the non-classical full-information maximum likelihood
estimator satisfies

N
(42) Max Max | log {P(in|zn,0)ki ) P(j|zn,8)A.}
80 A>0 n=1 n  jeC ]

A second consistent estimator for this case is obtained by maximizing
(40), with Q determined as a solution to the equations

l

43 Q= J o) g I Plilz,0

jeC 3 meN{]j)

Note that one can, with some loss of efficiency, obtain consistent
estimates for an informaticon casc by using a consistent estimator
which ignores some available information. For cxample, the estimators
(38) or (39) could be used in the casc both p and Q known, and
the estimator (42) could be used in any of the information cases.

*An important case in which the identification.condition fails is the
MNL model, where in the absence of a knowledge of @ there 1s a
confounding of the effects of Q and alternative-specific dummies.
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3 Selection of a Sample Design and Estimation Method

Sample designs and estimation methods differ in terms of sampling
and computation costs, and precision in parameter estimates and
forecasts. Cost camparisons are situation-specific, and only a few
general observations can be made. Camparison of the precision of
alternative estimators can be made for large samples using the
asymptotic covariance matrices of the estimators. In a few cases,
the difference of two covariance matrices is positive semidefinite
for all pessible parameter vectors, and a uniform ranking can be
made. More generally, rankings will depend on the true parameter
vector and on the true distribution of explanatory variables. Then,
rankings of designs and estimators will usually require a Bayesian
approach utilizing a priori beliefs on the distributions of para-
meters, perhaps based on pilot samples and previous studies.

Consider sampling costs. In general, substantial economies can be
achieved by stratifications designed to make it easier to locate
and observe subjects. For exanple, exogenous cluster sampling,

in which respondents are clustered geographically, reduces inter-
viewer access time. Stratification on other exogenous variables,
such as employer, may also reduce location cost, In many applica-
tions, choice-based sampling greatly simplifies locating subjects.
For example, subjects choosing alternative travel modes can be
sampled economically at the site of choice. Choice-based sampling
has the greatest potential econcmy in applications where same
responses are rare (e.g., choice of a seldom used travel mode) or
are difficult to observe accurately in an exogenously drawn sample,

Camputation costs are camparable in most of the estimation methods
considered by Manski and McFadden. The primary component of compu-
tation costs is usually the evaluation of response probabilities at
each sample point. For same models (e.g., linear), this cost is
minimal, for others (e.g., multinomial logit), moderate, and for
same (e.g., multinomial probit), substantial.

4 Ssample Designs

Consider the precision of estimates obtained by alternative methods
from alternative sample designs. We note first that the level of
precision, and possibly the ranking of alternatives, will depend on
the prior information available on the marginal distrxibutions p
and @ . We shall assume the state of this information is fixed.
However, it should be noted that in practice the cquestion of draw-
ing observations on p or Q at some cost in order to utilize
more efficient estimators of the reosponsce probability function

may be an important part of the overall design decision.

. Cosslett (1977) has investigated the efficiency of alternative
choice-basad sample designs and estimatovs for binary probit, logit,
and arctan nodels with a single explanatory variable. All three
mxdels have form P(1lz,0) = ${0z) , where



2
L J e ™ /2 dx for probit,
2m ¢
(44) Viy) = (l+e ) for logit,
%— + -i- tan 1 y for arctan,

and z 1is assumed to be normally distributed with mean 2 and
variance 1/2 . Choice-based sample designs vary in the proportion
of the sample H(1l) drawn from the subpopulation choosing alternative
1 . The optimal sample design for any estimator is determined by

the value of H(l) which minimizes the asymptotic variance of the
estimator.

We concentrate on the case with p unknown and @ known. The
maximun likelihood estimator (38) with an optimal sample design
provides a standard against which other estimators and sample
designs can be measured. Define the asymptotic efficiency of an
altemative estimator and sample design to be the asymptotic vari-
ance of the maximum likelihood estimator with optimal design,
divided by the asymptotic variance of the alternative estimator.

Consider as alternative estimators the WESML estimator (39), the
Manski-McFadden estimator (41), and the "conditional®™ maximum likeli-
hood estimator (42), which docs not use information on Q . Table 2
gives the asymptotic efficiencies of these estimators for each model
for selected values of 68 . Three sanple designs are considered:
"pseudo~random” sampling in proportion to population shares, H(1l)

= Q(1) ; sampling equally fram each alternative, H(1) = 1/2 ; and
sanmpling optimally for the estimator. The optimizing values of

H(1) for these estimators are also given in the table,

The results in Table 2 suggest the following conclusions:

(1) Knowledge of the aggregate share Q(1) 1s of great value
when the maximum likelihood estimator (38) is used, as indicated by
the low efficiency of the conditional maximum ]ikelihood estimatoxr
{42) which does not utilize this knowledge. Note however, that the
information contained in Q(1) will be greatest for a one-variable
model without an alternative-specific dumy, and in general the
efficiency differential will be smaller.

(2) The Manski-McFadden estimator (41) is uniformly more
cfficient than the VESML estimator (39), but the differential is
gnall when the true parameter value is small. Both (39) and (41)
have low efficiency relative to maximum likelihood for small para-—
noter values, but (41) is relatively efficient for large parameter
values.
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TABLE 2. Asymptotic Efficiency of Choice-Based Sample Designs

and Estimators*

Pseudo~Random Equal Shares, Optimal Optimal Value
Design, H(1)=0(1) H(l) = 1/2 Design of H(1)
Probit Model
Q1) = ,75%*
MLE (38) 87.1% 95.0% 100.0% 0.13
MM (41) 3.1 4.5 4.5 0.46
WESML, (39) 3.1 4.4 4,4 0.47
Cond ML (42) 0.4 0.6 0.6 0.49
Q) = .9
MLE (38) 62.1% 95.2% 100.0% 0.30
M (41) 6.3 20.5 21.0 0.42
WESML (39) 6.3 19.1 19.2 0.47
Cond ML (42) 1.3 3.6 3:7 0.45
Q1) = .95
MLE (38) 40.7% 95.5% 100.0% 0.34
MM (41) 6.1 37.9 39.2 0.39
WESML (39) 6.1 32.0 32.0 0.50
Cond ML (42) 1.6 7.5 7.6 0.43
Q(ly = .99
MLE (38) 9.5% 96.9% 100.0% 0.38
MM (41) 3.4 78.2 8l.2 0.38
WESML, (39) 3.4 36.8 40.6 0.66
Cond ML (42) 1.4 17.8 17.8 0.46
Q{ly = .995
MLE (38) 4.5% 98.4% 100.0% 0.42
MM {41) 2.6 91.2 92.9 0.41
WESML (39) 2.6 23.4 30.1 0.77
Cond ML (42) 1.4 23.0 23.0 0.49
Logit Model
QL) = ,T5%*
MLE (38) 86.7% 94.5% 100.0% 0.09
M (41) 2.9 4.0 4.0 0.47
WESML (39} 2.9 4,0 4.0 0.48
Cond ML (42) 0.3 0.4 0.4 Q.50
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TABLE 2, continued

Pscudo—Random Equal Shares, Optimal Optimal Value
Design, H{1)=0(1) H(1) = 1/2 Design of H(1)
Q) = .9
MIE (38) 62.2% 94.3% 100.0% 0.26
MM (41) 5.2 16.1 16.2 0.44
WESML (39) 5.2 15.1 15.1 0.48
Cond ML (42) 0.8 1.8 1.8 0.50
Q1) = .95
MLE (38) 41.5% 94.7% 100.0% 0.30
M1 (41) 4.9 28.9 29.5 0.42
WESML, (39) 4.9 24.8 24.8 0.51
Cond ML (42) 0.9 3.4 3.4 0.50
Q1) = .99
MLE (38) 9.0% 95.0% 100.0% 0.35
MM (41) 2.7 66.5 69.3 0.38
WESML (39) 2.7 31.7 34.4 0.65
Cond ML {42) 0.9 8.9 8.9 0.50
Q(1) = .995
MLE (38) 3.9% 95.7% 100.0% 0.37
M (41) 2.1 83.4 86.9 0.37
WESML (39) 2.1 20.3 25.6 0.76
Cond ML {42) 1.0 12.9 12.9 0.51
Arctan Model
Q1) = .75**
MLE (38) 83.5% 91.3% 100,0% 0.00
MM (41) 1.8 2.4 2.4 0.49
WESML, (39) 1.8 2.4 2.4 0.49
Cond ML {42} 0.08 0.09 0.09 0.55
Oy = .9
Ml (38) 2. 9% 54.0% 100.0% 0.00
MM (41) 1.7 4.7 4.7 0.49
WhieMIL (39) 1.7 4.6 4.0 0.51
Coryd Ml (42) 0.04 0.04 0.05 0.73
Q@) = .95
ML (38) 27.0% 78.1% 100.0% 0.00
MM (41) 1.1 5.9 5.9 0.49%9
WESML (39) 1.1 5.4 5.4 0.53
Cond ML (42) 0.04 0.03 0.04 0.83



TABEL 2, continued

Pseudo-Random Equal Shares Optimal Optimal Value
Design, H{1)=((1) H(l) = 1/2 Design of H(l)
Q@) = .99
MLE (38} 2.2% 64.4% 100.0% 0.00
MM (41) 0.5 11.8 11.9 0.46
WESML (39) 0.5 5.4 5.9 0.65
Cond ML (42) 0.04 0.03 0.05 0.94
Q(1) = .995
MLE (38) 0.8% 60.0% 100.0% 0.00
MM (41) 0.4 21.2 21.2 0.42
WESML (39) 0.4 4.1 5.1 0.74
Cond ML (42) 0.05 0.03 0.07 0.96

*pdapted from S. Cosslett (1977). Asymptotic efficiency is defined
by the ratio of asymptotic variances, with the optimal choice-based
sample design maximum likelihood estimator as the standard. Note
that when 0Q(1) is not cbserved, the estimators (38), {39), and
(41) are not available, and (42) is asymptotically efficient.

**por the one-parameter model, knowledge of p(z) and Q(1) deter-
mines 0 ; for comparability of models, Q1) rather than 8 has been

given.
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(3) The equal sharcs sanple desion is generally quite efficient
for maximum likelihood estimation, and for all the estimators yields
efficiencies comparable to those for the optimal sample designs. The
behaviour of optimal H(1l) is sensitive to the model and to the
parameter value. Hence, in the absence of strong prior knowledge on
parameter values, the equal shares sample design is recommended.

Table 3 campares the relative efficiencies of a choice-based sample
design with equal shares and an exogenous random sample design. For
Q(1l) known, the choice-based design is always more efficient. For
Q(1) unknown, the choice-based design is less efficient for the
arctan model, and for small parameter values in the remaining models.
Given prior beliefs on the correct model and on the value of Q(1) ,
and given a relative cost r of collecting an observation fram an
equal shares choice-based sample compared with an exogenous random
sanple, maximm efficiency subject to a fixed sampling budget will
be achieved with the choice-based design if and only if the relative
efficiency given in Table 3 exceeds r .

5 Estimation When Alternatives are Sampled Randamly from the Full
Choice Set

A particularly advantageous use of choice-based sampling, either in
primary data collection, or in synthesizing and reducing existing
data sets, is in estimation of the MNL nodel from data on a strict
subset of the full choice set. This method can greatly reduce the
magnitude of data to be collected and analyzed, with attendant
savings in time and cost, The property that a choice model can be
calibrated consistently using data on a strict subset of the choice
set is unique to the MNL model, and 1s a characterization of the
independence from irrelevant alternatives (IIA) property of this
model.

The following summary is drawn from McFadden (1977). Let C dencote
the full choice set. We shall assume it does not vary over the
sample; however, this is inessential and can easily be generalized,
let P(ilC,z,0%) denote the true selection probabilities. We
assume the choice probabilities satisfy the independence from
irrelevant alternatives (IIA) assumption,

(45) ieDeC->Pi]C,2,0) = P(i|D,2,0) ) P(j|C,z,6)
<D

which characterizes the MNI, model .

Now suppose for each case, a subset D 1s drawn from the set C
according to a probability distribution 7(D|i,z) which may, but
need not, be conditioned on the obscrved choice 1 . The observed
choice may be either in or out of the set D . Examples of =
distributions are (1) choose a fixed subset D of C , independent



TARIE 3. Relative Efficiency of Choice-Based Sample Design (with
" Equal Shares) and Exogenous Random Sample Design, with
Maximm Likelihood Estimators#*

o) Q(1} known Q(1) unknown
Probit .75 1.09 0.19
0 .9 1.53 0.57
.95 2.35 1.23
.99 10.23 5.30
.995 21.73 8.83
Logit 75 1.09 0.16
.9 1.52 0.35
.95 2.28 0.69
.99 10.54 3.28
.995 24.68 6.26
Arctan .75 1.09 0.05
: .9 1.59 0.02
.95 2.90 0.03
.99 29.04 0.06
.995 75.45 0.10

*Relative efficiency oquals the asymptotic variance of the exogenous
random sample maximum likelihood estimator divided by that of the
choico-based oqual share design maximum tikelihood estimator. A ratio
oxcocding one indicates that the choico-hased design is nore efficient.



of the cbserved cheoice, (2) choose a random subset D of C
independent of the observed choice, and (3) choose a subset D

of C , consisting of the obscrved choice i and one or more other
alternatives, selected randamly.

We give several examples of distributions of type (3):

(3-1) Suppose D is camprised of i plus a sample of al-
ternatives fram the set C \ {i} , obtained by considering each
element of this set independently, and including it with probabi-
lity p . Then, the probability of D will depend solely on the
nurber of elements K = #(D) it contains, and is given by the
binamial formula

(46) a@i,2) =p T (1 - ® if 1D and K= #(D) ,

=0 if i¢D ,

where J 1is the number of alternatives in C . For cxample, the
probability that D will be any two-altevnative set containing i

as ohe alternative is (J - 1l)p(l - p)J_2 .
(3-2) Suppose D is always selected to be a two-element set

containing i and one other alternative selected at random. If J
is the mumber of alternmatives in C , then

(47) m(Dli,z)

,I.

7 if D={i,j} and FFi ,

=0 otherwisc.

(3-3) Suppose C has four clements, and

I

(48) n({1,4}]4) = a({1,4}|1) = a{{2,3}112) = «{{2,3}|3)y =1,

and 1(D{i) = 0 otherwise .
(3-4) Suppose € 1is partitionead into sets {Cl, .. ,CM} ,
with Jm cloments in Cm , and suppose D 1s formed by choosing 1
{(frum the partition sct C,) and one randomly selected alternative

fram each remaining partition set.  ‘Then,
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(49) n(D{i,z)

M
Jn/l'[ Jrn if 1D, M= 4§D , and DnCm%IJ
=1
for m=1,...,M,

=0 otherwise .

The 7 distributions of the type (1), (2), and (3-1) to (3-4) all
satisfy the following basic property, which guarantees that if an
alternmative j appears in an assigned set D, then it has the
logical possibility of being an observed choice from the set D , in
the sense that the assignment mechanism could assign the set D if
a choice of j is observed:

Positive conditioning property: If j « D < ¢ and

n(D|i,z) > 0, then w(D{j,z) > 0.

The v distributions (1}, (2), and (3-1) to (3-3), but not (3-4)},
satisfy a stronger condition:

Uniform conditioning property: If 1,3 ¢ D < C, then

m(D|i,2) = n(b|i,2)

A distribution with the uniform conditioning property can be written
n(D|i,2z) = (D,z)xD(;i.) , where XD(i,) cquals one for i ¢ D, and

zero otherwise.

Congider a sanple n = 1,...,N , with the alternative chosen on case
n denoted by in , and Dn denoting the choice set assigned to this
case from the distribution = (Dlin,zn) . Observations with an

observed choice not in the assigned sct of alternatives are assumed
to be excluded fram the sample. Write the multinomial logit model
in the form

v, (2,0) V. (z,0)
(50) P(i|C,z,8) = e~ /¥ e ,
. C

where Vi(z,&)) is tho strict utility of alternative i
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TEORFM 2. If 7(D|3,z) satisfies the positive conditioning property

and the choice model is multinomial logit, then maximization of the
mxdified likelihood function

o Vin(zn,e)ﬂog w(Dn|:Ln,zn) vj (z_,0)+log n(Dn|j,zr
n=1 JEDn

vields, under normal reqularity conditions, consistent estimates of 6*

When 1 (D|i,z) satisfies the uniform conditioning property, then (51)
reduces to the standard likelihood function,

N Vin(zn.-a) V. (2 'e)
} log qe /) el

1
G2 Iy =g P
=] ]e_Dn

The theorem above assumes the assigned choice set for an cbservation
may depend on the obscrved choice set and environment for the obsexrva-
tion, but is independent of other observations. More generally, a
set. of observed choices may bc used to define the assigned choice set
for each observation. For example, a coammon procedure is to assign
to all observations in a traffic analysis zone the set consisting of
all the chosen altematives observed for this zone. Assume there are
N zones, with Kn observations in zone n ., If Kn + o for each

n , then every alternative in € will eventually be chosen by same
subject in a zone, and estimators maximizing (52), with assigned sets
cqual to the set of observed choices for the zone, will have the same
asymptotic properties as a maximum likelihood estimator for choice
from the full set C . Thus, standard maximum likelihood estimaticn
with assigned choice sets given by the set of chosen alternatives in
a zone yields consistent estimates under normal reqularity conditions
and the usual sumpling method where the number of observations in
cach zone becomes large when the overall sample size becames large.

In the less comon case where the number of zones N becomes large,
but: the number K of obscrvations in each zone is fixed, the pro—

codure above fails in general to yield consistent estimators.* Let
A(%n,%n,ﬂ) derote the kernel of the "likelihood" function for zone

1n’ " 1n’ " Kn) are cbserved
in the zone. Define D = D) = {ijl3 = i, for some k = l,...,K}

n , where f = (1 (A, ) and Zn = (z /2

*T have benefitted from discussions with Joel Horowitz on this problem.
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and J(D) = {jiD= U {331 . In the standard case,
s

X 1LV, (2, /) 1.V, (z

Mg g ® = T P(i,ID /27, ,0) = ¢ /ng e
\

Asymptotically, the likelihood function is the expectation in z of
terms of the form

Zkvik(zk’o*)
(53) ] am = log Aiz,0)
DeC Acd (D) ‘ zk\]jk (Zk,B*)
A (&
j('.J {1
3 ‘
K Vs (289
where a(D) = I P(D|C,z,0%) ] e K . Consistency
k=1 3T (D)
v

recuires that (53) be maximized at 0 = 6% . When J(D) # DK , the
standard case fails to give this result. However, consistency can be
attained by using a modified likelihood function with the kermel

LY (2 e0) Zkvj (2, +©)
A () 0) = e kn k
An’&n’

To illustrate the impact of these results, consider a destination
choice problem in which individuals face a CBD destination and a large
number of suburban destinations. One is interested primarily in
whether the CBD destination will be chosen. If an individual chooses
the CBD destination, then he is assigned the choice set consisting of
the CBD destination and one suburban destination chosen at randaom.
(From the previous analysis, we may choose the suburban destination
at random from the subsct of suburban destinations chosen by some
individual in the home zone of the case in question.) If an indi-
vidual chooses a suburban destination, he is assigned a choice set
consisting of this destination and the CBD destination. Assume J
suburban destinations, with probability of selection 1/J for each
in the case of a CBD choice. The w distribution is then

# ({3, Ccnn}

cnp) = 1/3 for i=1,...,3,
(54) n(ij,CcBD}| ) = 1 for j=1,...,J3,

1 {D}{4) =0 otherwise .



This distribution satisfies the positive conditioning property (but
not the uniform conditioning property), and hence consistent estimates
can be obtained by maximizing (51}, which reduces to

1 N
(55) Max = )

=1 1

n

V. (z_,8) - log |e + a “
: J

where jn is the suburban alternative chosen or assigned on

observation n , and a term involving log J but independent of

0 has been dropped. Alternately, if the model contains a CBD-specific
dummy, then unwelghted maximum likelihood gives consistent estimates
of all parameters except the ChBD-specific dummy, and gives a consistent
estimate of the true CBD-specific dumy plus log J .

6 Weighting and Estimation in Composite Samples

Transportation samples may be the result of a complex mixture of
exogenous and choice-based sampling, or of the amalgamation of surveys
conducted using various sampling procedures. The techniques of
Lerman and Manski (1976) and Manski and McFadden (1977) can be
adapted to construct consistent estimators from these samples.

Consider first the problem of working with a camwposite survey,

made up of subsamples collected by various procedures. Provided

the subsamples are identified and the sampling procedure used for
each is known, maxinum likelihood estimation of parameters using

the cambined sample is straightforward: the sample likelihocod is the
sum of the likelihoods of each of the subsamples, taking into account
the sampling process used in each subsample. For example, the like-
lihood function for an exogenous stratified sample which is "enrich
by a choice-based sample for minority modes is the sum of an exogencus
likelihood function for the first subsample and a choice~based like-~
lihovod function for the second subsanple.* Maximization of this
camposite likelihood function would require modification of most
standard camputer routines. An alternative consistent estimator
which can be calculated using a maxiumm likelihood program which
allows weighting of the choice variable is the Lerman-Manski esti-
mator (39), with W({i) = 1 for the exogenous subsample and W(i)

= (i) /B(i1) for the choicc-based subsample. Interestingly, the
result that applying unweighted exogenous maximum likelihood esti-
mation to an MNL model and pure choice-based sample produces
inconsistency only in the alternative dunmy coefficients does not
carry over to the case of a camposite sample when the exogenous
subsample is stratified.

Next consider the problem of complex stratifications, such as would
result from choice-hased subsampling from a large exogenous stratified

*3. Cosslett (1977) has pointed out that the kernel of the camposite
sample likelihood will include the marginal distribution pi{z)



transportation survey. The gencral theory of estimation from strati-
fied samples of Manski and McFadden (1977) can be applied. In the
example above, a consistent estimator would be (38), with Qi) de-
fined to equal the marginal share of alternative i in the exogenous
stratified sample rather than in the population.

7 Non-Maximum Likelihood Estimation Methods

While maximum likelihood estimators have good asynptotic statistical
properties under the conditions normally inmposed in transportation
applications, their finite sample properties are largely unknown.

There is some evidence from very limited Monte Carlo studies that
maximum likelihood estimators will be unduly sensitive to observations
with low calculated probabilities,and hence relatively non-robust with
respect to errors in model specification or data measurement which could
yield low calculated probabilities for some observed choices. These
limited studies suggest that when data grouping is possible, Berkson-
Theil estimators may be preferable to maximum likelihood estimators
(see Darmencich and McFadden (1975), p. 112). However, plausible group—
ing is rarely possible with transportation data. An alternative
approach is to develop more "robust" estimators for individual obser-
vations. Manski and McFadden (1977) have investigated a class of

such estimators, including non-linear least squares (NLLS), which
satisfies (for exogenous samples)

(56) Min |} (s, -P(in[zn,a)} ,

0e® n=1 n

where Si is one if 1 is chosen and zero otherwise. This estimator

is consistent, although not as efficient as maximum likelihood esti-
mation, and appears in Monte Carlo studies to be less sensitive than
maximm likelihood estimation to outliers caused by data measurement
crrors. Applications to transportation data sets have not, however,
resulted in significant differences boetween maximm likelihood and
NLLS estimators.

1 Model Evaluation

The transportation analyst usually has a nunber of alternative model
speci fications he considers a priori plausible, and wishes to deter-
mine anpirically which altermative best fits the data. This calls
for statistics which measure goodness-—of-fit, and procedures which
allow tests of hypothesized specifications.

General goodness-of-fit measures for discrete choice modeis which are
now widely used are the log likelihood function, the likelihood ratio
index, a multiple correlation coefficient, and a prediction success
index.
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The likelihood ratio index 02 is defined by the formila

(57) o°=1- 1L/, .
where
: N J
(58) L=} S, log P(ilz ,0)
n=1l i=1

is the log likelihood function, with the S:n equal to one if 1 is
chosen, zero otherwise,
N J

(59) L.= ] ) S _logQ ,
O ne1 ogm1 1P *

and Qi equals the sample aggregate share of alternative i .*
when the disaggregate model parameters are estimated by non-linear

least squares, an appropriate goodness-of-fit measure is the sum of
squared residuals,

N J A 9
(60) SS = n£1 121 (S;, - RP;, (/R

where Rn is the sum of Sin . A transformation of this statistic

yields a multiple correlation coefficient of the form familiar fram
regression analysis,

(61) RS -1-58
SS
0
. where
N J 5
(62) sy = 1 ‘E (8, - ROI/R
n=1 i=l

with Qi the sanple aggregate share of mode 1 as before.**

*Thig likelihood ratio index is defined "about aggregate shares," and
measures the explanatory power of the model beyond that of a simple
constant shares model. This index is preferable to a likelihood
index "about zero" reported by same computer programs, which measures
the power of the model beyond that of an 1 shares model. A simi-
lar cament applies to the multiple correlation coefficient.

**While the R2 index is a more familiar concept to plamners who are
experienced in ordinary regression analysis, it is not as well-~behaved

(continued on page )



A third method of assessing the fit of a calibrated model is to
examine the proportion of successful predictions, by alternative
and overall. A success table can be defined as illustrated in

Table 4, with the entry Nij in row 1 and colwm J giving the
number of individuals who are observed to choose 1 and predicted
to choose j .* Colum sums give predicted shares for the sample;
row sums give observed shares. The proportion of alternatives
successfully predicted, N../N_; . indicates that fraction of indi-

viduals expected to choose an alternative who do in fact choose that
alternative. An overall proportion successfully predicted,
(Nll + ...+ NJJ)/N__ , can also be calculated.

Because the proportion successfully predicted for an alternative
varies with the aggregate share of that alternative, a better measure
of goodness—of-fit is the prediction success index,

63 o TRLTN,

'..l

where N-i/N-- is the proportion which would be successfully predicted

(continued from page )

a statistic as the 02 measure, for maximum likelihood estimation.

Those unfamiliar with the pz index should be forewarned that its
values tend to be considerably lower than those of the RZ index and
should not be judged by the standards for a "good fit" in ordinary

regression analysis. For example, values of .2 to .4 for 02 represent
an excellent fit.

*The formuala for Niﬁ is
N

Ni.o= )

. SinP .
i 5 in

An alternative prediction method is to forecast that the alternative
with the highest probability will be chosen.

A doL subscript indicates summation over the corresponding index, e.dq.,
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TABLE 4.

Cbserved
Choice

Predicted Count

Predicted Share

Proportion
Successfully
Predicted

Success Index

Proportional Error
in Predicted Share

A Prediction Success Table

Predicted Choice Chserved Observed
2 Count Share
le Nl. Nl./N. .
N22 N2. N2./N.-
NJ2 NJ. NJ'/N..
N_2 N, ., 1
,li].L?_ 1
NI
‘I\_].%g Nll+. . '+NJJ
N'2 N. L]
Nao  Nop J Ny N
- 3 PR
-2 .e l:l .0 -
N N,
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if the choice probabilities for each sampled individual were assumed
to equal the observed aggregate shares.* This index will usually
be nonnegative, with a maximum value of 1 - N-i/N-- . If an

index normally lying between zero and one is desired, (63) can be
normalized by 1 - N-i/N--

An overall prediction success index is
(64) o= =g, = )

. i ,
i=1 e i

=

J N . J (N.. N .
1 [11 -12]
1

Again, this index will usually be nonnegative, with a maximm value
J (N .2

of 1- 7} [E\f"—] , and can be normalized to have a maximum value
i=1

of ane if desired.

In tests of model specification, one is often concerned with questions
such as whether certain variables enter the determination of choice,
and whether certain coefficients are equal. For example, the
question of whether on-vehicle travel time is generic, or hamogeneous-
effect, can be formulated as the hypothesis that the coefficients of
alternative-specific travel times are all equal. Such problems,

where the null hypothesis is a subset of a specified universe of
alternatives, can be tested conveniently using likelihood ratios,

as described in Theil (1971, p. 396), and McFadden (1973).**

2 Diagnostic Tests for the MNL Model

The MNL model has significant advantages over most alternative choice
models in terms of simplicity and camputational efficiency, and its
independence fram irrelevant alternatives (IIA) property greatly
facilitates estimation and forecasting. On the other hand, the IIA
restriction may be invalid in some applications, resulting in

*In a model with alternative-specific dunmies and the calibration data
sct, estimation of paramcters imposes the condition W, =N . . If
one predicted the choice probabilitics for each individtal télequal
aygregate shares, then N ./N_ would be the proportion successfully
predicted to choosc 1 . This represcnts a "chance" prediction rate
for a model in which no variables other than alternative-specific
dumnies enter. Thus, o, neasures the net contribution to predic-
tion success of variabled other than the altemative-specific dummies.

**Specification tests which are less easily performed using classical
statistical methods are those in which the model corresponding to

(continued on page )
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erroneocus forecasts. Hence, the validity of the IIA property
should be tested in each application. McPadden, Tye, and Train
(1976) have developed a series of diagnostic tests for this pro-
perty. One is a test of the MNL mexiel against a "universal"
alternative, approximated by an MNI~like form in which attributes
ol all alternatives can centor the "utility"” of cach alternative

~— this is the "universal" logit model nentioned in Section 11,5,
A sccond test is based on the implications of the IIA property that
the model can be cstimated consistently from a random sample of the
set of all available alternatives, as discussed in Secticon III.5.

A third class of tests examines residuals from the fitted MNL model,
i.e., the differences of indicators of cobserved choices and the
estimated probabilities of these choices. Under the hypothesis
that the MNL specification is correct, these residuals will have
specific mean, variance, and correlation properties which can be
utilized in statistical tests.

V  AGGREGATTON AND FORECASTING

1 Aggregate Forecasts

An important use of disaggregatc moxdels is in policy analysis of

the impacts of alternative transportation plans on operating strategies.
Evaluation of these impacts usually roquires forecasts of the behaviour
of the agyregate population, or of specific market segments. Given

an estimated choice model P(i|z,0) , the aggregate share of
alternative 1 satisfies

(65) Qi) = [ P(i]z,8)p(z)dz ,
Z

where p(z) is the probability distribution of the explanatory
variables in the population. For a market segment, this formula
applies, with p(z) interpreted as the distribution of explanatory
variables in the scgment.

A variety of methods have been proposed for the evaluation of  (65)
in applications; the most practical and flexible appears to be a
"Monte Carlo" procedurce in which (©(i} 1s approximated by

N

(66) O@) = % 111 p(ilzn,u) ,

where {zn} is a sample drawn randomly from p{z) . The points Z

(continued from page }

the universe of alternatives cannot be specified or estimated. Examples
are the question of which of two alternative measures of travel time
better explain mode choice, and tests of a particular model specifica-
tion such as MNL against mutually exclusive alternatives such as MNP.
Methods of statistical decision theory can be applied to some of these
problems; an exposition is beyond the scope of this paper.



may be fram a representative sample of the population, or may
themselves be synthesized from incomplete data sources, as described
in part 3 below. The forrmla (66} can be modified to accamodate
non—uniform sampling weights. For computational purposes, it is often
useful to group sample points into strata with hamogeneous choice
probabilities. Discussions of this and alternative aggregation
procedures and their properties can be found in Koppelman (1975},
McFadden (1976f), and Reid (1977).

2 Aggregation by the Clark Method

In general, direct evaluation of (65) requires numerical integration
over the set Z , which may be of relatively high dimension. This
may be impractical even if the choice probabilities are relatively
easy to conpuite, and the problem is campounded if evaluation of the
choice probabilities is expensive.

An approach which eliminates the intermediate calculation of choice
probabilities has been suggestod in a specific context by McFadden
and Reid (1975), and generalized by Manski and Daganzo. Suppose
individuals maximize utility, with utility functions u, = B'Zi + €5

for alternative 1 . Given a probability distribution p(z) for
z =(zl,...,zJ) and a distribution of (E.l,...,EJ) , one can

construct the probability distribution of (ul,...,uJ) resulting

. .. *
from joint variation of 2z and the e, let H(ul,...,uJ)

denote the cumilative distribution of (ul,...,uJ) and Hi its
derivative with respect to u;

*The distribution of (ul,...,u y is obtained as a maltivariate

J
convolution of the probability densities of z and of (El,...,EJ)

For some probability distributions, such as the multivariate normal
case considered helow, the distribution of the convolution is known.
More generally, if ¢(tl,...,tJK) 15 the characteristic function

ARy By g e Bgy) o and
w(tl,...,tJ) is the characteristic function of the distribution of
(cl,...,aT (rl,...,rJ) assumed independent, then
(ul,...,uJ) with u, = B’zi + vy has the characteristic function
Y(tll"'ftJ) = w(tl"."tJ)q)(tlBl"'.'tle'tzﬁl"-"tJSl""'tJbK) !’
or more compactly, vy{t) = ¢(t)p{t © 3") . The density of
(ul,...,uJ) can then be obtained from the inversion formula

h{u u.) = (211)_Jje_itu

177

one could carry out the coanputation of Q(i) with a nurerical

of the distribution of z = (z .2

} , with z and

y{tydt . Using this expression in (67),

{continued on page )
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(67) G(i) = Prob '[ui > uj. for 3 =1,...,J}
1o :
= J Hi(u,u,...,u)du
LF-Q)

Evaluation of this integral requires only a single numerical integra-
tion when H} can be obtained analytically, and at most a J-dimen-
sional numerical integration is required to ute i} when

density of H 1is an§%§tlc. e cam® Q) the
The procedure outlined above can be applied with particular convenience
to the case where z and ¢ are assumed multivariate normal. This
assumption, which yields the MNP model of individual choice, implies
(ul,...,uJ) is multivariate normai, with mean of uy equal to S'Ei

where z 1is the mean of 2z , and covariances mij = B'Zi.B +ag,.

1]
where oij=cov (ei,ej) and Lij cov (zi,zj) . Then, Q{1)

can be obtained fram a formula analogous to (30) for this miltivariate
normal distribution. The Clark approximation method discussed in
Section II.8 then permits rapid camputation of approximate aggregate
shares. Further, application of the Clark formulae to the camputation
of analytic derivatives of Q(i) with respect to 7 , in a manner
analogous to that described in (34), would allow rapid approximation
of aggregate elasticities.

3 The Distribution of Explanatory Variables

The camputation of aggregate shares or elasticities requires knowledge
of the distribution of the explanatory variables in the population,

or in a market segment of the population. A random sample fram the
population of sufficient size, say fram a major population survey,

can meet this data requirement. Howover, it is often difficult to
obtain current data of this type. Forecasts at future dates present
a further problem, since the distribution of explanatory variables
used in the forecasts should take into account shifts in explanatory
variables over time.

Cosslett, Duguay, Jung, and Mctadden (1977) have proposed a method
of synthesizing the distribution of cxplanatory variables at any

(continued fram page )

integration of dimension at most 2J , for an extremely broad class
of distributions of z and ¢ . Application of approximation methods
to the combined integral may then allow rapid camputation of aggre-
gate probabilities, even for camplex choice models.

40



forecast date, integrating available data sources plus information
on trends. The method is particularly useful when current random
survey data is unavailable, and can be applied in most urban areas
using only U.S. Census data. The method utilizes a classical
statistical procedure for completing contingency tables, called
iterative proportional fitting, duc to Deming and Stephan (1940).
This procedure allows the integration of marginal information from
U.5. Census tract statistics, Public Use Samples, and the Urban
Transportation Planning !ackage. Parametric models of same variable
interactions, sinple trend models for shifts in the distribution
over time, and exogenous forecasts for some explanatory variables
allow projection of the synthesized distribution to future dates.
Sampling fram the constructed distribution yields a synthesized
random sample for the urban area at the forecast date.

4 Calculus for Demand Flasticities

Demand elasticities encapsulate considerable information on transport
demand response, and are valuable tools for policy analysis. For

the multinomial logit (MNL) model, the elasticities can be expressed
in relatively simple formulae. However, great care must be taken

to avoid mechanical usc of these forrulae, and to see that the
computation performed corresponds to the policy question asked. The
first rules set out below hold for any choice model. We use the
notaticn Pi for the choice probability for alternative i , and

z; for the k~th camponent of the vector of attributes of alternative
Rule 1 — aggregation over market segments. Aggregate elasticity

equals the sum of segment elasticities, weighted by segment shares of

the market. If Pi is the choice probability for segment £ , ﬁi

is the aggregate choice probability, and qp is the proportion of
the population in segment £ , then

N ;)])?1
(68) —51 =9 7§ S

(Note: This 1s a relevant elasticity only if a policy will result
in equal  percentage changes for cach marget segment.)

e 2 —- agyregation over alternatives. Elasticity for a campound

alternative cyuals the sum of camonent alternative elasticities,

weighted by the component. shares of the compound alternative. Let

P =) P, be the choice probability for a conpound alternative (e.q.,
i

"all transit"). ‘Then,

i
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o _ J
2 oF | _ ¢ |Fil|% %
(69) = 5= =3
P ooz 1(P)(1 azi

(Note: This is a relevant elasticity only if a policy will result
in equal percentage changes for each camponent alternative.)

Rule 3 — camponent effect. The elasticity with respect to a
component of a variable equals the elasticity with respect to the
variable times the component's share in the variable. Suppose

J - ]
zk—w}3<+yk. Then

] 3y (]
Ye 9By Y {Zk By
(70) it SRS PR 3 | SR
Pi o) 122 |F1 ez
ko %k k

(Note: It is particularly important in policy analysis to look only
at components influenced by a policy, such as the transit fare
camponent of total trip cost or the bus on-vehicle time component

of a mlti-mode trip total on-vehicle time.)

Rule 4 — multiple effect. The elasticity with respect to a
policy that causes an equal percentage change in several variables
equals the sum of the elasticities with respect to each variable.

Suppose a policy changes 2}3{ to z]]((l + t) for several 3j . Then,
J
1 BPi _ . BPi
O Ul N -l
i J i azk

Since t is a proportional change, the left-hand-side of this
equation is in elasticity form. Alternately, suppose

z]i = w]]( + v for several 1j , and a policy changes Yy - Then,
. . J ap
Y Py i[5 N
@ w T
1 J %k k

This formula is obtainable from a combination of Rules 3 and 4 .

Often, combinations of these rules will be required to obtain the
most relevant elasticity for a policy calculation. For example,
suppose transit alternatives are disaggregated by access mode,
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and the impact of a fare increase is to be assessed. The answer is
given by combining Rules 2, 3, and 4 to obtain the formula

Elasticity Patronage on | [Fare on Flasticity of 1

of transit mode 1 as a mode j as a| {mode 1 patronage
(73) patronage = ¥ ¥ |proportion of |« |proportion |+|with respect to

with respect i j |total transit| |of total total cost on

to fare patronage cost on  J mode

where 1 and j are summed over the transit access modes.

Consider elasticities for the sequential model defined in Section II.3.
Taking 6 = A = 1, these elasticities will also hold for the joint MNL

model.

Xnebk apm|da - (8

(74) = a2 - P .08 46
Polda ncbk “k*ndak ‘“mn T “nlda’ “cd’ab

where X34k is component k of X da and 6mn=l if m=n,
0 otherwise, etc.

X dP
nchk dla _ -
(75) P 3% B 80‘k}{ruzadqpn|cawod Pc[a)‘sab '
dla ncbk
Yobk de]a
(76) e = R.Y (8 - P )4 P
pdla 3 Yok Be¥eak Ped cla’ “ab
where Y ak is camponent k of vy . -
77 ik " _ o, p o opo(s b
(77) P Ty, kfndbk mlab dlbCab T b
Y oP
dbk a _ : _ .
a8 5 gy Mdatap e TR
4 aP
bk | ,
(79) R TG A Y
a bk '
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Other elasticitics are readily derived from these formilae using

Rules 1 -— 4 and the definitions of conditional and marginal prob-
RN &) - 571 g b = P X LI L 1€
abilities. TFor cxample, I A lcﬂa A implies
*ca 8Pc‘ia _ *rca apdla “mca aPa
(80) P x P P, am !
da mca dla mca a mea

and the preceding formulae can be substituted in the right-hand-side
of this expression. Another example is the joint probability
Pnda = Pm|dan|aPa . which satisfies

X aP
nchk mda .
(81) P 3x - %*ncbk {bmnacddab *3eaan® - VP

As a check, one sees that for 6 = A = 1 , this reduces to the con-
ventional MNL elasticity formula.

VI CONCLUSTION

This paper has surveyed selccted recent developments in quantitative
methods for travel demand analysis. This subject has developed
rapidly in the past few years on a wide spectrum of topics. As a
result, the transportation analyst now has available a greatly
expanded "bag of tools" with which to address policy problems. Ex-
perience makes it clear that quantitative methods are not a panacea
for solving the problems of transportation policy analysis. On the
other hand, the use of techniques of modern mathematics and statistics
relax one of the constraints which has limited the analyst in
attacking a full range of transportation issues. A review of the
state of the art of quantitative methods in transportation demand
forecasting suggests that the task of establishing a firm analytic
and statistical foundation for the subject has just bequn.
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